The elasticity tensor is one of the most important fourth-order tensors in mechanics. Fourth-order three-dimensional symmetric and traceless tensors play a crucial role in the study of the elasticity tensor. In this paper, we present two isotropic irreducible functional bases for a fourth-order three-dimensional symmetric and traceless tensor. One of them is exactly the minimal integrity basis introduced by Smith and Bao in 1997. It has nine homogeneous polynomial invariants of degrees two, three, four, five, six, seven, eight, nine and ten, respectively. We prove that it is also an irreducible functional basis. The second irreducible functional basis also has nine homogeneous polynomial invariants. It has no quartic invariant but has two sextic invariants. The other seven invariants are the same as those of the Smith-Bao basis. Hence, the second irreducible functional basis is not contained in any minimal integrity basis. J 2 (D) = J 2 ( À D), J 4 (D) = J 4 ( À D), J 6 (D) = J 6 ( À D), K 6 (D) = K 6 ( À D), J 8 (D) = J 8 ( À D), J 10 (D) = J 10 ( À D):
Introduction
As one of the most important fourth-order tensors in mechanics, the elasticity tensor has been well studied [1] [2] [3] [4] . Of all its theoretical properties, the study of minimal integrity bases and irreducible functional bases of isotropic invariants in a three-dimensional physical space has gained certain attention. This includes the work on the polynomial basis of anisotropic invariants of the elasticity tensor by Boehler et al. [1] in 1994, and the work on the minimal integrity basis with 297 invariants for the elasticity tensor presented by Olive et al. [4] in 2017. For minimal integrity bases of a tensor, the number of involved invariants with a fixed degree is constant [5] . Conversely, for irreducible functional bases, the cardinality of such a functional basis may be smaller than that of a minimal integrity basis of a certain tensor. For instance, Olive and Auffray [6] presented a minimal integrity basis of 13 isotropic invariants for a thirdorder three-dimensional symmetric tensor in 2014. Recently, Chen et al. [7] claimed that a set of 11 polynomial isotropic invariants forms an irreducible functional basis of that tensor. Thus, it is possible that the elasticity tensor has a functional basis consisting of polynomial invariants, whose cardinality is smaller than 297. If such a functional basis of the elasticity tensor is found, it is significant to both theoretical and applied mechanics.
Unfortunately, there are few results on irreducible functional bases of the elasticity tensor in the literature. To deal with the complex elasticity tensor in a three-dimensional physical space, we note that the elasticity tensor has an orthogonal irreducible decomposition [8] , which produces five parts: a fourthorder symmetric and traceless tensor, two second-order symmetric and traceless tensors and two scalars. Clearly, scalars are naturally isotropic invariants; irreducible functional bases of isotropic invariants of second-order symmetric and traceless tensors are well studied [9] . However, irreducible functional bases of isotropic invariants of a fourth-order symmetric and traceless tensor are still unknown. Moreover, there is also a lack of knowledge about irreducible functional bases of joint isotropic invariants of a fourth-order symmetric and traceless tensor and two second-order symmetric and traceless tensors. To begin a study of this problem, as described in this paper, we study irreducible functional bases of a fourth-order three-dimensional symmetric and traceless tensor. Existing related works on such a topic include two minimal integrity bases with nine homogeneous polynomial invariants for a fourth-order three-dimensional symmetric and traceless tensor, one proposed by Boehler et al. [1] in 1994, and the other by Smith and Bao [10] in 1997. The only difference between these two bases occurs in the sextic invariant. However, until now, there are, to our knowledge, no results on irreducible functional bases of a fourth-order symmetric and traceless tensor. This motivates us to study irreducible functional bases of a fourth-order three-dimensional symmetric and traceless tensor based on the Smith-Bao basis and the Boehler-Kirillov-Onat basis.
In this paper, we present two irreducible functional bases of isotropic invariants of a fourth-order three-dimensional symmetric and traceless tensor. One of them is exactly the Smith-Bao basis, which is proved to be an irreducible functional basis. The second irreducible functional basis also has nine homogeneous polynomial invariants. It contains no quartic invariant but has two sextic invariants: one is from the Boehler-Kirillov-Onat basis and the other is from the Smith-Bao basis. The other seven invariants are the same as those of the Smith-Bao basis and the Boehler-Kirillov-Onat basis. Hence, the second irreducible functional basis that we consider is not contained in any minimal integrity basis.
Some preliminary results are given in Section 2. A new functional basis is obtained from the invariants in the Smith-Bao basis and the Boehler-Kirillov-Onat basis and is hence called a mixed functional basis. To show that the Smith-Bao basis and the mixed functional basis are both irreducible functional bases of isotropic invariants of a fourth-order three-dimensional symmetric and traceless tensor, we use the divide-and-conquer approach. More specifically, we divide the ten distinct invariants from these two bases into two groups in terms of the odd and even degrees, and show that each of the four odd-degree invariants is not a function of the remaining nine invariants in Section 4. This interesting observation further helps us to show the irreducibility of both of the Smith-Bao basis and the mixed functional basis, as described in Sections 5 and 6, respectively. The main tactic used in Sections 5 and 6 is to keep the four odd-degree invariants zero by restricting five of the nine independent elements of the fourth-order threedimensional symmetric and traceless tensor to zero. This tactic reduces the size of the algebraic systems to be solved. Finally, conclusions are made and further questions are raised in Section 7.
Preliminaries
In this paper, we consider the three-dimensional physical space. The summation convention is used. If an index is repeated twice in a product, then it means that this product is summed up with respect to this index from 1 to 3.
From now on, we use A to denote a fourth-order three-dimensional tensor, and assume that it is represented by A ijkl under an orthonormal basis fe i g. Here i, j, k, l 2 f1, 2, 3g. Generally speaking, the fourth-order tensor A has 81 independent elements. If A has minor and major symmetries:
there are 21 independent elements in A. A typical example satisfying equation (1) is the elasticity tensor. Furthermore, if values of elements of A are invariant under any permutation of its indices:
the tensor A is called a completely symmetric tensor. A fourth-order completely symmetric tensor has 15 independent elements. Obviously, a completely symmetric tensor is minor symmetric and major symmetric, but not vice versa. We say that a tensor A is traceless if contracting A over the first two indices yields 0, i.e.,
If a fourth-order three-dimensional tensor is both completely symmetric and traceless, we call it a symmetric and traceless tensor and denote it D. There are nine independent elements in D:
A set of isotropic polynomial invariants f 1 , . . . , f r of A is said to be an integrity basis of A if any isotropic polynomial invariant is a polynomial of f 1 , . . . , f r , and a set of isotropic invariants f 1 , . . . , f m of A is said to be a functional basis of A if any isotropic invariant is a function of f 1 , . . . , f m . An integrity basis is always a functional basis but not vice versa [1] . A set of isotropic polynomial invariants f 1 , . . . , f r of A is said to be polynomially irreducible if none of them is a polynomial of the others. Similarly, a set of isotropic invariants f 1 , . . . , f m of A is said to be functionally irreducible if none of them is a function of the others. A polynomially irreducible integrity basis of A is said to be a minimal integrity basis of A. A functionally irreducible functional basis of A is said to be an irreducible functional basis of A.
Consider a fourth-order three-dimensional symmetric and traceless tensor D. We use notation: [10] of a fourth-order three-dimensional symmetric and traceless tensor D is given by the following nine invariants with degrees 2, 3, . . . , 10:
The mixed functional basis
The Boehler-Kirillov-Onat minimal integrity basis [1] of a fourth-order three-dimensional symmetric and traceless tensor D is the same as the Smith-Bao minimal integrity basis, except that J 6 is replaced by
That is to say, invariants fJ 2 , J 3 , J 4 , J 5 , K 6 , J 7 , J 8 , J 9 , J 10 g form the Boehler-Kirillov-Onat minimal integrity basis of D.
We have the following theorem.
Theorem 1. The mixed basis fJ 2 , J 3 , J 5 , J 6 , K 6 , J 7 , J 8 , J 9 , J 10 g is a functional basis of the fourth-order three-dimensional symmetric and traceless tensor D.
Proof. Since the Smith-Bao basis fJ 2 , J 3 , J 4 , J 5 , J 6 , J 7 , J 8 , J 9 , J 10 g is an integrity basis of D, it is also a functional basis of D [1] . Thus, by adding an invariant, K 6 , the ten-invariant set fJ 2 , J 3 , J 4 , J 5 , J 6 , K 6 , J 7 , J 8 , J 9 , J 10 g is also a functional basis of D. Since the Smith-Bao basis fJ 2 , J 3 , J 4 , J 5 , J 6 , J 7 , J 8 , J 9 , J 10 g is an integrity basis of D, K 6 should be a linear combination of J 3 2 , J 2 J 4 , J 2 3 and J 6 . We have
Then
If J 2 = 0, then D = 0 and we have J 4 = 0. Hence, J 4 is a function of J 2 , J 3 , J 6 and K 6 . Therefore, the nineinvariant set fJ 2 , J 3 , J 5 , J 6 , K 6 , J 7 , J 8 , J 9 , J 10 g is a functional basis of D.
From now on, we call this nine-invariant set fJ 2 , J 3 , J 5 , J 6 , K 6 , J 7 , J 8 , J 9 , J 10 g the mixed functional basis of D. Since it has no quartic invariant and has two sextic invariants, it is not contained in any minimal integrity basis of D. J 2 , J 4 , J 5 , J 6 , K 6 , J 7 , J 8 , J 9 and J 10 are given, the value of J 3 is determined. Now, we consider the tensor D such that J 5 (D) = J 7 (D) = J 9 (D) = 0 but J 3 (D) 6 ¼ 0. Clearly, D is nonzero tensor. Hence D and ÀD are two different tensors. For invariants of even degrees, we have However, according to the assumption that J 3 is a function of J 2 , J 4 , J 5 , J 6 , K 6 , J 7 , J 8 , J 9 and J 10 , and equations (6) and (7), we get J 3 (D) = J 3 ( À D), which contradicts equation (8) .
We now have the following theorem.
Theorem 2. Each of J 3 , J 5 , J 7 and J 9 is not a function of the other three odd-degree invariants and six even-degree invariants, J 2 , J 4 , J 6 , K 6 , J 8 and J 10 .
Proof. To show that each of J 3 , J 5 , J 7 and J 9 is not a function of the other nine invariants, by Proposition 1, we need to find examples such that one of J 3 , J 5 , J 7 and J 9 is not equal to zero, and the other three odd-degree invariants vanish. Let Then we have J 3 = J 5 = J 7 = 0, J 9 = 45=8. By part (d) of Proposition 1, J 9 is not a function of J 2 , J 3 , J 4 , J 5 , J 6 , K 6 , J 7 , J 8 and J 10 .
The Smith-Bao basis is an irreducible functional basis
By Boehler et al. [1] , any integrity basis is a functional basis. Hence, the Smith-Bao basis is a functional basis of D. To show that the Smith-Bao basis is an irreducible function basis of D, it suffices to show that each of its nine invariants is not a function of the other eight invariants [11] .
To begin, we give a proposition that shows that J 6 is not a function of J 2 , J 3 , J 4 , J 5 , J 7 , J 8 , J 9 and J 10 .
Proposition 2. Let fJ 2 , J 3 , J 4 , J 5 , J 6 , J 7 , J 8 , J 9 , J 10 g be the Smith-Bao basis of the symmetric and traceless tensor D. Then, J 6 is not a function of the other invariants, J 2 , J 3 , J 4 , J 5 , J 7 , J 8 , J 9 and J 10 .
Proof. As stated in the proof of Proposition 1, we will find two symmetric and traceless tensors D and b D with independent elements:
where s 2 (0:15, 0:18) is the unique solution of the polynomial equation Let D = (D ijkl ) be a fourth-order three-dimensional symmetric and traceless tensor given by D 1111 = D 1112 = D 1122 = D 1222 = D 2222 = 0, D 1113 = 1, D 1123 = À ffi ffi t p ,
where t 2 (0, 1=2) is a parameter to be determined. By simple computation, we have
Conversely, we also find that (1 À 5t) 2 À4 À 156t À 207t 2 + 5863t 3 + 6234t 4 À 24147t 5 + 9800t 6 À Á = 0:
Denote h(t) = À 4 À 156t À 207t 2 + 5863t 3 + 6234t 4 À 24147t 5 + 9800t 6 . It is easy to check that h(0:15) = À 10:8359 and h(0:2) = 6:29856. Since h(t) is continuous, there exists t Ã 2 (0:15, 0:2) such that h(t Ã ) = 0. This means that when t = t Ã , two tensors D and b D have fixed values of J 2 , J 3 , J 4 , J 5 , J 6 , J 7 , J 9 , J 10 except J 8 . Hence, J 8 is not a function of J 2 , J 3 , J 4 , J 5 , J 6 , J 7 , J 9 and J 10 .
By Proposition 2, J 6 is not a function of J 2 , J 3 , J 4 , J 5 , J 7 , J 8 , J 9 and J 10 . Combining these results, we conclude that the Smith-Bao basis fJ 2 , J 3 , J 4 , J 5 , J 6 , J 7 , J 8 , J 9 , J 10 g is indeed an irreducible functional basis of D.
The mixed functional basis is also an irreducible functional basis
We now consider the mixed functional basis fJ 2 , J 3 , J 5 , J 6 , K 6 , J 7 , J 8 , J 9 , J 10 g. By Theorem 2, each of J 3 , J 5 , J 7 and J 9 is not a function of the other eight invariants. We may prove the following result. fJ 2 , J 3 , J 4 , J 5 , J 6 , J 7 , J 9 , J 10 g is also a functional basis of D, and thus contradicts Theorem 3. If J 10 is a function of the other eight invariants, then the eight-invariant set fJ 2 , J 3 , J 5 , J 6 , K 6 , J 7 , J 8 , J 9 g is a functional basis of D. Since K 6 is a linear combination of J 3 2 , J 2 J 4 , J 2 3 and J 6 , this implies that the eight-invariant set fJ 2 , J 3 , J 4 , J 5 , J 6 , J 7 , J 8 , J 9 g is also a functional basis of D, and thus contradicts Theorem 3.
Based on these results, we may prove the following theorem.
Theorem 4. The mixed functional basis fJ 2 , J 3 , J 5 , J 6 , K 6 , J 7 , J 8 , J 9 , J 10 g is an irreducible functional basis of the fourth-order three-dimensional symmetric and traceless tensor D. fJ 2 , J 3 , J 5 , J 6 , K 6 , J 7 , J 8 , J 9 , J 10 g is an irreducible functional basis of D.
Conclusions and further questions
Both the Smith-Bao basis and the mixed basis of a fourth-order three-dimensional symmetric and traceless tensor are irreducible functional bases and contain nine polynomial isotropic invariants. However, it is not clear whether or not the Boehler-Kirillov-Onat minimal integrity basis [1] is also an irreducible functional basis. This may be further explored. The fourth-order symmetric and traceless tensor has applications for understanding the structure of the elasticity tensor, which models linear elasticity and is extensively used in structural analysis and engineering design [3, 9, 12] . By using classical invariant theory and formal computations, Olive et al. [4] gave a minimal integrity basis of the elasticity tensor. That basis contains 297 isotropic invariants. The cardinality of this integrity basis is rather large, since the elasticity tensor has only 21 independent elements. The second further question is how to find a functional basis of the elasticity tensor whose cardinality is smaller than 297.
